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Group - A

Answer Question No. 1 and any three from the rest (symbols have their usual meanings):

1. Answer any one:
a) Define Canonical transformation. Prove that a transformation is Canonical if there exists a

gnerating function F such that Z—T =L-L, where L and Lare Lagrangians corresponding to old

and new coordinates respectively. [6]
b) Derive Hamilton-Jacobi equation in the form H[ql,qz....qn,ﬁ,ﬁ,....é,tj+§:O. What
0q, a4,  adq, ot
is the physical significance of S? [6]

2. If the transformation equation between two sets of coordinates are P=2(1+ q}/2 oS p)q% sinp and

Q=log(l+ q% cosp), then show that the transformation is Canonical and the generating function is

F(p,Q)=—(e° -1’ tanp. [8]
3. Prove Jacobi-Poisson Theorem that if u and v are both constants of motion, then their Poisson
Bracket [u, v] is also a constant of motion. [8]

4. A rigid body is free to rotate about its centre of gravity O, the principal moments of inertia at which
are 7, 25 and 32 units respectively. The body is given an angular velocity Q about a line through the
centre of gravity whose direction ratiosare 4 : 0 : 3.

Show that after time t, the components of angular velocity about the principal axes of inertia at O are

ﬂQcosq), ﬂQsinq>, §Qcosq)where tan9=tanh 3t .
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Deduce that ultimately the body rotates about the principal axis of intermediate moment of inertia. [8]

5. Show that the potential at an internal point P at a distance r from the centre of a solid sphere of radius
‘a’ and density pis

r2
2np| a® —— |.
) p[ 3]

Use the above result to show that if a self attracting sphere of uniform density and radius ‘a’ changes
to another sphere of radius ‘b’ (b < a) and uniform density, the work done by its mutual attractive
forces is

gyl\/lz (%—lj where M is the mass of the sphere. [8]
a

6. Find the distribution of matter inside and outside a sphere of radius ‘a’ and also on its surface, if for a

point distant r from the centre, the potential is given by v,=A(2a’-r°)(r<a) and
4

vzzkaT (r>a). [8]



Group -B
Answer any three : [3%x4]
a) If Hyis a Hermite polynomial of degree n, prove that I_w e’XZHnZ(x)dx = Z”mﬁ.

F(B—oc+l)F(B +1)

p

b) Establish Kummer’s theorem : F(o,B;p—a+1-1) =
re +1)1“(2 - +lj

, for hyergeometric

function.

c) Show that lim 2Fl(l,a;l;zj:ex.
a

a—o

0, if m#n ) )
, Where Lg(x) is a Laguerre polynomial of

d) Prove that | e*L (X)L, (x)dx =
) Prove tha _[Oe (X)L, (X)dx {1, £

degree K.
e) Expand x>+x>-3x+2 in a series of Laguerre polynomials.

Group C

Answer any three : [3x6]
a) If P(x,y, z) be any point in the bounded region R and S be the surface of a sphere of radius r

! ”u(Q)ds, where u is

having centre at P lying entirely within R, then prove that u(P)= -
nr

harmonic in R and Q be a point on S.

2
b) Solve the partial differential equation g(rz 6—uj+_ii[sinea—uj+ _12 a—l::O by the
or or ) sin® 0o 00 ) sin“ 6 oo

method of separation of variables.
2 2
c) Solve the heat equation ﬂ:oc 2+2
ot ox° oy
conditions T(0,y,t)=T(a,y,t)=0, 0<y<b, t>0; T(x,0,t)=T(x,b,t)=0, 0<x<a, t>0
and the initial condition T(x,y,0)=f(x,y), 0<x<a, 0<y<b.

j, 0<x<a, 0<y<b, t>0 with the boundary

2

. . . . 1o0u .
d) Prove that spherically symmetric solution of wave equation VZu =—— With respect to the
c” ot

+iKr
+icKt

originis u=——.""" . Hence deduce Helmholtz’s First Theorem in the form
r
Ko oK v(r,), eV

iﬂ—vie L& ov :{(4)) LeV

4r onlr—r| [r—r|on 0, reV

e) Obtain the solution of the exterior Dirichlet problem for a circle described as V’u=0, r>a,
0 <6 < 2x; with the boundary condition u(a, 0) =f(6) in the form

- Ao

2n 3 r’ —2arcos(o—0) +a’
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